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ABSTRACT 
This research is prerequisite to determining structural health and estimating wear-limited 
life of contact/impact machinery components. Prevention, or at least early notification, of 
impact-induced wear is essential for preventing economic loss and enhancing personnel safety. 
Thus, an efficient model which is discrete in time and continuous in space was undertaken; an 
Euler-Bernoulli beam with adjustable boundary conditions and variable impact is numerically 
studied under a pulse loading. Structural stiffness, material modulus, contact stiffness, contact 
location, damping ratio, pulse duration, clearance and boundary conditions are investigated. A 
reference system is used as the basis for parameter studies and solution convergence is examined 
for three boundary conditions. Overall numerical simulations show reasonable response for all 
the comparison of case studies. The contact location and clearance were found to be important 
factors due to their direct influence of mode shapes. One example application is illustrated, and 
comparisons show that considering possible boundary contact but not changing E provides better 
estimation. 
Experiments were carried out to verify the effects of influential parameters. Two beam 
specimens with difference slenderness were designed and examined under point contact/impact. 
A half-sine pulse excitation was applied through a mechanical shaker, and the deflection was 
captured by a high speed camera. Numerous test cases were conducted that varied pulse duration, 
pulse amplitude, clearance, and contact location. Decreasing the pulse duration lowers all 
deflection amplitudes, but the time in contact is insensitive. No gap causes the smallest beam 
response, and increasing clearance generates greater free deflection amplitude. 
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Representative test cases were selected for validating the theoretical model. When 
comparing numerical simulation with experimental result for both specimens, satisfactory 
agreement for amplitude and duration can be reached even with raw input parameters of the 
cases without contactor. When there is a contactor, the model shows better prediction for the 
thick specimen with slenderness ratio of 0.0279 than the thin specimen with slenderness ratio of 
0.0186. Contact stiffness and pulse amplitude are two possible sources of error. 
The contribution of this study is the incorporation of unique pulse loading, changeable 
boundary conditions, adjustable contact/impact situations, comprehensive parameter studies, and 
high speed photography. 
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CHAPTER I INTRODUCTION 
1.1 MOTIVATION 
Machinery can routinely experience internal contact. For example, the wear of steam 
generator tubes and nuclear reactor control rods has great significance. In the heat exchanger 
system of Figure 1-1, baffle plates are used to limit the deflection of tubes under flow-induced or 
transient loading. Impacts can occur between the long slender tubes and the stiff baffle plates. A 
leak in any of the tubes will result in an expensive repair and shutdown of power production. 
Prevention, or at least early notification, of impact-induced wear is essential for preventing 
economic loss and enhancing personnel safety.  
 
 
Figure 1-1. Heater exchanger tubing [1]. 
 
Another example of mechanical impacting is the reed valve system (Figure 1-2) used in 
small refrigeration compressors. During the suction and release process, valve reed will 
repeatedly impact the valve seat. Impact stresses have been identified as the most common cause 
of valve failures [2]. A similar situation also happens for heart valves (Figure 1-3), which slam 
shut with each heartbeat [3]. In fact, structures known as "contactors" are common in numerous 
electromechanical components, including motors and relays.  
Baffle 
Plates 
  End Support Plate 
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Figure 1-2. Reed valve system [4]. 
 
   
Figure 1-3. Natural (left) and artificial (right) heart valves [3]. 
 
In explosive impacts, the damage is often localized and visible with external inspection, 
which will receive high attention. While under low velocity impact, the impactor has longer 
contact time with the target. Therefore, the deformation of structure will be global with normally 
invisible and hard detectable damage even far from the contact point. Even under normal service 
loading, the internal damage may grow rapidly to failure. This will dramatically decrease the 
structural stiffness and service life.  
Comprehensive phenomenological studies are needed for reducing impact-induced 
damage. Researchers from multiple fields are working toward this goal from several viewpoints. 
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1.2 LITERATURE REVIEW 
The relevant research base can be divided into the areas of discrete models, continuous 
models, modeling techniques, and laboratory experiments. 
1.2.1 MODELING 
Structural response under impact has been examined through discrete models. By 
employing a single-degree of freedom system, Shaw and Holmes [5] examined a nonlinear 
oscillator. In their revolutionary study, harmonic, sub-harmonic, bifurcation, and chaotic 
phenomenon were identified while a concentrated mass impacted a spring. Using both 
experimental and numerical methods, Vorst et al. [6] concluded that a multi-degree of freedom 
model is essential to reach a full representation of beam impact. Multiple impacts of two 
cylinders were studied by Yin [7]. The two discrete elements enter steady state motion when the 
several frequency response branches (a "cluster") periodically grow. Three different shapes of 
the impact pressure were detected as smooth decay shape, single sharp peak, and multi-peak 
shape. Khalili et al. [8] studied the transient response of a composite panel under low-velocity 
transverse impact by using a discrete three-degree-of-freedom system. Despite the lack of 
resolution, contact location was found to be a vital parameter that influences structural response.  
Discrete models can simplify impact mechanics, but some dynamic behavior may be 
neglected. Therefore, some researchers have switched to continuous models. The level of contact 
modeling however has not reached that of discrete systems. Chen et al. [9] studied the problem 
of a moving rigid body transversely impacting an unrestrained Timoshenko beam. A generalized 
Fourier series method was performed to obtain the analytical solution of this system. The mass 
ratio of beam to rigid body was an important parameter in their analysis. Using the lumped 
parameter method, Lin and He [10] studied the transverse impact problems on simply supported 
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beams and rectangular plates. Impact force and structural deflection are the two parameters they 
have analyzed. In order to avoid plastic deformation, a trial and error procedure was applied in 
advance to obtain the maximum impact velocity: this demonstrates the effort required to 
calibrate such models. By applying the implicit Euler method and the midpoint rule, Ahn et al. 
[11] studied the system of an Euler-Bernoulli beam with frictionless contact, confirming energy 
conservation. By using a regression method, Schonberg [12] obtained the characteristic 
equations for a large area contact problem. Impact velocity, material and geometric properties 
were studied in both experimental and numerical forms. Mass ratio of beam to projectile highly 
influences the material anisotropic effects. Chun et al. [13] provided a numerical solution for a 
point mass impacting a uniform orthotropic beam. Lagrange's Principle and a nonlinear contact 
law were employed to derive analytical solutions, and the authors concluded that boundary 
condition was an important factor for the contact force, contact time, stress condition and beam 
displacement. These studies demonstrate that interesting input and output parameters have been 
identified and that model complexity can be built into materials or methods.  
Dynamic response with contact is also studied by researchers through quite complex 
modeling and solution techniques. Using the equivalent linearization method, a beam-like system 
was examined by Davies [14]. After comparing the results with that of a single-degree freedom 
system, the author found that the mean square response showed good agreement while the 
impact frequencies did not. Falsone and Muscolino [15] applied an equivalent non-linearization 
method approach to a similar system; a cubic function was utilized to represent the impact force, 
and they concluded that this technique provided for more accuracy as compared to any 
equivalent linearization. The dynamic response of an impacting beam with a general three-
dimensional geometry was achieved by Wang and Kim [16, 17]. An analytical plane stress 
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solution and a finite element solution were used for the beam and its stop, respectively, as the 
impulse response functions. The authors found that different contact region geometry causes 
noticeable changes in the contact force. A similar system was studied by Yin et al. [18] through 
Euler-Bernoulli beam theory and St. Venant rod theory, forming a continuous wave propagation 
model. Impact-induced transient waves and sub-impact phases were evident in their study. Xing 
[19] solved the elastic impact problem by treating it as an initial value problem of the integrated 
structural system. The analytical solutions for a particle and a rod impacting a pinned-pinned 
beam were obtained, but difficulty occurred in the convergence of impact force.  
1.2.2 EXPERIMENTATION 
With so many models for such a common occurrence, experimental studies have also 
been undertaken. The most applicable studies are those that follow herein. An impact load cell 
was introduced by Wagg et al. [20] to monitor the dynamic response of a cantilever beam. A 
probability density method was also mentioned to reconstruct structural parameters by 
employing the collected data. A pinned beam excited at a comparatively low frequency was 
tested and results were evaluated with that of both one- and multi-degree of freedom models by 
Fegelman and Grosh [21]. A brass beam and a hemi-cylindrical aluminum stop were employed 
in their experiment. Along with accelerometers, a single-point Polytec laser vibrometer system 
was applied to measure the velocity at the contact point. The test was designed to respond 
significantly at high frequencies (up to 10 kHz). The author concluded that multi-degree of 
freedoms are necessary to predict high frequency response. A singly constrained cantilever beam 
with and without tip mass were studied by Shaw [22] in both experimental and theoretical ways. 
The thickness of the beam was comparatively small as 0.23 millimeters versus 188 millimeters in 
length. The specimen was periodically excited though an electromagnetic shaker. A strain gage 
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was applied to measure the motion at one particular position on the specimen. The author stated 
that the single mode model can give qualitative information on practical mechanisms. Wagg and 
Bishop [23] applied the non-smooth dynamics approach to a cantilever beam for analyzing the 
impact phenomenon. Numerical results were compared with the experimental response of a 
beam/impact system. Sticking motions due to friction were discussed in detail. Experimental and 
analytical studies were carried out by Adan et al. [24] for the behavior of post-buckling beam 
under contact constraints. During the test, a constant rate end-shortening displacement was 
applied through a compression machine on a fixed-roller beam specimen. The transverse 
deflection at the middle of the specimen was monitored by an electromagnetic LVDT gauge. A 
simple numerical system has been developed by Bishop et al. [25] to model the dynamic 
response of a beam-stop structure. During the test, a steel beam was mounted vertically with the 
free end on top and a rod which screwed into the wall was employed to be the contactor. A 
sinusoidal force was applied through an electromagnetic transducer, and the response of the 
beam was captured using a displacement transducer. After comparisons, the author concludes 
that the model can capture qualitative and, to some extent, quantitative behaviors. A striker and 
target beam type of experimental setup was used by S.F. Masri et al. [26] to verify their 
numerical model. Strain gages were used to capture the response of the specimen, and the 
response on the base of the specimen and the shaker were also monitored. The excitation 
frequency was changed based upon the fundamental frequency of the specimen. The author 
concluded that maximum deformations are dramatically influenced by the stiffness of specimen 
and the damping ratio of the striker, but less so by the gap size.  
The effects of parametric changes have also been further examined. Sam [27] studied the 
dynamic behavior of a beam-like structure impacting through a clearance. The contact stiffness 
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and the gap magnitude were the only two parameters analyzed in the study, and just the 
fundamental mode was considered in the analysis. Lin and Bapat [28] joined the describing 
function, optimization, and spectral analysis approaches to a beam-stop system. Their sensing 
was far-field, and they examined only impact force and clearance value. Two different 
experimental systems, an impact beam system and a spatial slider crank apparatus, were studied 
by Gu et al. [29]. By applying a sinusoidal forcing through an electrical shaker and capturing the 
impact force using a piezoelectric ceramic contact sensors, the two mechanisms were tested and 
compared with numerical model. The author mentioned that the impact force is strongly affected 
by the gap size, excitation frequency, and the dimension of specimen.  
In addition, system damping is an uncertain factor in physical mechanisms. 
Comprehensive tests were performed by Butt and Akl [30] to investigate the relationship 
between system parameters and modal damping. The system parameters considered in their 
research include gap size, mass, modal amplitude, and frequency as well as the maximum value 
for the imaginary portion of the frequency response functions. Based upon sixty steady state test 
results, a relationship was established through multiple nonlinear regression technique (MNLR). 
Utilizing the same test data, Ali [31] applied three different artificial neural network methods to 
predict the modal damping. The estimation results were compared with MNLR and found that 
radial basis function based neural network provided the best agreement. The damping caused by 
snubber supports in the piping system was studied by Pickett and Nims [32]. The influence of 
clearance and velocity of the system with nodal support on damping were analyzed in their 
research. The relationship between viscous and hysteretic models was studied by Lin and Zhu 
[33]. The author found that the error in estimating modal parameters with choosing one damping 
model is negligible. 
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The experimental response of a cantilever beam with tip deflection constraint was 
compared to the analytical solution by Moon and Shaw [34]. Periodically excited by an 
electromagnetic shaker, the response of the specimen was monitored by strain gages. The 
excitation frequency was selected by increasing the vibration amplitude in order to reach into the 
contact state. Chaotic motion only occurred when a gap with the contactor was present. The 
author also concluded that higher modes may influence the contact time even though they may 
not qualitatively affect the motion. A similar test was also performed by Nagai et al. [35], who 
found that chaos was only generated by certain excitation frequencies. Moon and Shaw’s 
cantilever experiment was modeled by Knudsen and Massih [36]. Assuming Rayleigh damping, 
the Euler-Bernoulli type beam structure was modeled using the finite element method. 
Harmonics, sub-harmonics, stability, bifurcation, and impact work rate were studied. The 
flexural rigidity was determined based upon the first three natural frequencies of measurement. 
The author concluded that this model can capture the bifurcation phenomenon in the test. Note 
that these results are applicable to repetitive impact which is not induced by transient excitation. 
1.2.3 RELEVANCE 
Despite significant work in modeling and solution techniques, usually constant or 
periodic loads are examined; seldom has literature focused on a transient stress pulse. Discrete 
models are capable of showing harmonic response complexity but are unable to capture the 
excitation of higher order modes; thus, a continuous model is vital. Direct comparison between 
experimental and simulation work is also rare when dealing with impact. The nature of this non-
linearity often prevents parametric understanding, especially for complex numerical methods 
which often use only specific cases. 
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With these points in mind, this dissertation addresses the shortcomings of the current 
literature base on impact phenomena. Due to the flexibility of slender structures, a beam-like 
element impacting a contactor is used for a basic dynamic analysis. As the focus is structural 
response, the contact is limited to single point contact which represents one resultant contact 
force over a relatively small area. In contrast to most numerical methods, the analytical solution 
will allow for quantitative parameterization while simultaneously considering frequency 
dependency. 
The applied solution methodology is established but has not been applied to the problem 
of transient stress pulses. Modal analysis will be employed herein to solve for the response in a 
beam-impact problem. The piecewise applicability of this linear method for non-linear impact 
was previously proven by Ervin and Wickert [37]. The authors employed the modal analysis 
method to study a fixed-fixed beam with a rigid body which repetitively impacted a linear spring. 
Multiple harmonics, fractional harmonics, bifurcations and grazing impact phenomena were 
observed through their simulations. As in this work, low velocity impact on the scale of one 
meter per second is considered, so wave propagation is not of great importance. Modal analysis 
was also used by Salmon et al. [38] to analyze an Euler-Bernoulli beam under support impact. 
The contact force and the moment at the first contact were compared to results from a finite 
element simulation. Additionally, Bao et al. [39] applied a similar direct mode superposition 
method to find the analytical solution of a particle transversely impacting a beam. The 
convergence of impact force, deflection, and moment led the authors to conclude that their 
modal-based numerical method was effective for discrete contacting elements.  
In short, the contribution of this study is the incorporation of the following: 
• Unique pulse loading consideration  
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• Changeable boundary conditions 
• Adjustable contact/impact situations 
• Comprehensive parameter studies 
• Utilizing high speed camera in experiment 
1.3 OBJECTIVES 
The main goal of this research is to examine the coupled phenomenon of transient beam 
behavior with impact. Understanding the joint results can help uncover possible ways to prevent 
impact-induced damage. 
An analytical model which is discrete in time and continuous in space will be developed 
for transient beam behavior with impact by applying both modal analysis and time stepping. 
Shock tube test data will be utilized for practical application of the model. Experiments will also 
be carried out to verify the developed model. 
In order to realize these goals, general analytical solutions for a beam with a contact 
spring under a constant stress pulse needs to be derived first. A MATLAB® program based upon 
the obtained solutions will then be developed, and the natural frequencies and mode shape 
coefficients for both free and contact states of the structure will be calculated using the program. 
The pulse loading will then be divided into small time steps and applied to the beam as a 
rectangular pulse for each step. The time history can be obtained after applying the force loading. 
Parameter studies can then be performed to identify the influence of each parameter, which 
include beam height, elastic modulus, spring stiffness, contact location, damping ratio, pulse 
duration, and gap size. Knowing the most important parameters, model output will then be 
compared to shock tube test data. Other considered factors include boundary contact and elastic 
modulus shifts. Then experiments will be designed and executed to verify the performance of the 
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developed model. Test data will be analyzed first to report trend behaviors and then to confirm 
the time history response from the numerical model.  
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CHAPTER II SIMULATION WITH AN INSTANTANEOUS FORCE 
2.1 INTRODUCTION 
This work will evaluate the possible influences in such a physical system with impact and 
an arbitrary applied stress pulse. Herein, a generalized Euler-Bernoulli beam with contact 
location and stiffness will be studied numerically through a model which is discrete in time and 
continuous in space. The model, convergence for a reference system, and parametric case studies 
will be discussed in following sections. An example application will also be presented. 
2.2 MODEL 
In this study, the dynamic response of an Euler-Bernoulli beam with adjustable boundary 
and contact conditions is investigated. Illustrated in Figure 2-1, the modeled beam has a 
rectangular cross-section with depth b, height h, and second moment of area I. Other parameters 
of the beam are the flexural rigidity EI, mass density ρ, and longitudinal length L. Specific 
values of the parameters employed in later studies are listed in Table 2-1. Torsional springs Kt1 
and Kt2 and translational springs k1 and k2 form the adjustable boundaries. The parameter k 
represents the effective stiffness of the contact interface, and the parameter a identifies the 
location of the contactor from the left hand side of the beam. The deflection of the beam is 
denoted as w(x, t). 
The equation of motion for the beam is prescribed by 
                            ߩܣݓሺݔ, ݐሻ,௧௧ ൅ ܧܫݓሺݔ, ݐሻ,௫௫௫௫ ൌ ݂ሺݐሻ                                            ሺ1ሻ 
where comma notation represents differentiation, A is the crossectional area bh, and fሺtሻ is the 
forcing function. 
 13 
 
 
Figure 2-1. Beam model with adjustable boundary conditions and variable single-sided contact. 
 
Table 2-1. Parameters used in the reference system. 
Length, L 152.4 mm 
Depth, b 10.16 mm 
Height, h  3.048 mm 
Density, ρ 2700 kg/m3 
Elastic Modulus, E 0.689 GPa 
Contact Location, a 76.2 mm 
Spring Stiffness, k 875.6 N/m 
Damping Ratio, ૆ 0% 
Excitation Amplitude, F 210.14 N/m 
Excitation Duration, ti 0.1 ms 
 
Based upon modal analysis, the deflection is 
                                       ݓሺݔ, ݐሻ ൌ ෍ߟ௡ሺݐሻ ௡ܹሺݔሻ
ஶ
௡ୀଵ
                                                    ሺ2ሻ 
where W୬ሺxሻ represents the n
th normalized spatial mode shape and η୬ሺtሻ is the n
th generalized 
time coordinate. Note that orthogonality of the modes is required.  
The separation of variables from Equation 2 allows Equation 1 for free vibration to be 
expressed in each mode as 
 14 
 
                                            ௡ܹሺݔሻ,௫௫௫௫ െ
ߩܣ߱௡
ଶ
ܧܫ ௡ܹ
ሺݔሻ ൌ 0                                     ሺ3ሻ 
                                                and   ߟ௡ሺݐሻ,௧௧ ൅ ߱௡ଶߟ௡ሺݐሻ ൌ 0                                     ሺ4ሻ 
where ω୬ is the n
th modal natural frequency. 
The general solution for Equation 3 is 
௡ܹሺݔሻ ൌ ܥଵ cosሺߚ௡ݔሻ ൅ ܥଶ sinሺߚ௡ݔሻ ൅ ܥଷ coshሺߚ௡ݔሻ ൅ ܥସ sinhሺߚ௡ݔሻ          ሺ5ሻ 
where Cଵ through Cସ are modal coefficients based upon the boundary conditions and the natural 
frequencies are ω୬ ൌ β୬ଶට
EI
஡A
. 
For any n, the four boundary conditions in solving for the modal coefficients are as 
follows: 
ܭ௧ଵ ௡ܹሺ0ሻ,௫ ൌ ܧܫ ௡ܹሺ0ሻ,௫௫ 
ܧܫ  ௡ܹሺ0ሻ,௫௫௫ ൌ െ݇ଵ ௡ܹሺ0ሻ 
െܭ௧ଶ ௡ܹሺܮሻ,௫ ൌ ܧܫ ௡ܹሺܮሻ,௫௫ 
ܧܫ  ௡ܹሺܮሻ,௫௫௫ ൌ ݇ଶ ௡ܹሺܮሻ 
When a forcing function is considered, the substitution of Equation 2 into Equation 1 
results in 
                 ߩܣ෍ ௡ܹሺݔሻߟ௡ሺݐሻ,௧௧
ஶ
௡ୀଵ
൅ ܧܫ෍ ௡ܹሺݔሻ,௫௫௫௫
ஶ
௡ୀଵ
ߟ௡ሺݐሻ ൌ ݂ሺݐሻ                   ሺ6ሻ 
Multiplying by an mth mode shape and integrating along beam length, Equation 6 
becomes 
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ߩܣන ෍ ௡ܹሺݔሻ ௠ܹሺݔሻߟ௡ሺݐሻ,௧௧
ஶ
௡ୀଵ
݀ݔ
௅
଴
൅ ܧܫන ෍ ௡ܹሺݔሻ,௫௫௫௫
ஶ
௡ୀଵ
௠ܹሺݔሻߟ௡ሺݐሻ
௅
଴
݀ݔ
ൌ න ݂ሺݐሻ ௠ܹሺݔሻ݀ݔ
௅
଴
 .                                                                       ሺ7ሻ 
The orthonormality property of 
ߩܣන ௡ܹሺݔሻ ௠ܹሺݔሻ݀ݔ ൌ ߜ௡௠
௅
଴
 , 
where δ୬୫ is the Kronecker delta, prescribed that all m ് n terms are zero. Equation 7 can now 
be separated into 
                               ௡ܹሺݔሻ,௫௫௫௫ െ
ߩܣ߱௡
ଶ
ܧܫ ௡ܹ
ሺݔሻ ൌ 0                                                ሺ3ሻ 
ߟ௡ሺݐሻ,௧௧ ൅ ߱௡ ଶ ߟ௡ሺݐሻ ൌ න ݂ሺݐሻ ௡ܹሺݔሻ݀ݔ
௅
଴
ൌ ۃ݂ሺݐሻ, ௡ܹሺݔሻۄ                               ሺ8ሻ 
If including damping in the system, Equation 8 is 
 ߟ௡ሺݐሻ,௧௧ ൅ 2ߦ௡ߟ௡ሺݐሻ,௧ ൅ ߱௡ଶߟ௡ሺݐሻ ൌ ۃ݂ሺݐሻ, ௡ܹሺݔሻۄ                                           ሺ9ሻ 
where ξ୬ is the damping ratio of the n
th mode. The term  ۃ݂ሺݐሻ, ௡ܹሺݔሻۄ represents the projection 
of the force fሺtሻ onto the nth mode. 
A constant instantaneous force is considered over a time interval t୧ such that 
݂ሺݐሻ ൌ ൜
ܨ 0 ൏ ݐ ൑ ݐ௜
0           ݐ ൐ݐ௜
 
If the system starts from the rest state, when 0 ൏ ݐ ൑ t୧, 
ۃ݂ሺݐሻ, ௡ܹሺݔሻۄ ൌ න ܨ  ௡ܹሺݔሻ݀ݔ
௅
଴
ൌ ௡݂ 
The solution to Equation (7) is then 
ߟ௡ሺݐሻ ൌ
െ ௡݂
߱௡ଶ
expሺെߦ௡߱௡ݐሻ ൤ܿ݋ݏሺ߱ௗ௡ݐሻ ൅
ߦ௡߱௡
߱ௗ௡
ݏ݅݊ሺ߱ௗ௡ݐሻ൨ ൅
௡݂
߱௡ଶ
            ሺ10ሻ 
 16 
 
where ωୢ୬ is the n
th damped natural frequency and equals ω୬ඥ1 െ ξ୬ଶ  . 
The terminal conditions of the previous interval, in this case the displacement wሺx, t୧ሻ 
and the velocity wሺx, t୧ሻ,୲ at time point t୧, are the initial conditions for the next interval.  
When t ൐ t୧, there is no applied force, so 
ۃ݂ሺݐሻ, ௡ܹሺݔሻۄ ൌ 0 . 
However, the temporal solution becomes a more complicated expression due to initial 
condition enforcement. After simplifying, the general time coordinate for the nth mode is 
ߟ௡ሺݐሻ ൌ expሺെߦ௡߱௡ݐሻ ሾܤଵܿ݋ݏሺ߱ௗ௡ݐሻ ൅ ܤଶݏ݅݊ሺ߱ௗ௡ݐሻሿ 
where 
ܤଵ ൌ
ߟ௡ሺݐ௜ሻ ,ܳ௧ െ ߟ௡ሺݐ௜ሻ,௧ܳ
ܲ ,ܳ௧ െ ,ܲ௧ܳ
 
ܤଶ ൌ
ߟ௡ሺݐ௜ሻ ,ܲ௧ െ ߟ௡ሺݐ௜ሻ,௧ܲ
ܳ ,ܲ௧ െ ,ܳ௧ܲ
 
and 
ܲ ൌ expሺെߦ௡߱௡ݐሻ ܿ݋ݏሺ߱ௗ௡ݐሻ 
ܳ ൌ expሺെߦ௡߱௡ݐሻ ݏ݅݊ሺ߱ௗ௡ݐሻ. 
The motion of the beam structure is divided into two states T୤ and Tୡ within which 
vibration is linear and the aforementioned time solutions apply. State T୤ refers to the “free” 
condition that the structure is not in contact with the spring; state Tୡ refers to the “contact” 
situation that the structure is in contact with the deflecting spring. The equation of motion (1) for 
the beam in state Tୡ is the same as that in the state T୤, except for the additional compatibilities at 
the contact location x = a of 
ݓ௖ሺܽି, ݐሻ ൌ ݓ௖ሺܽା, ݐሻ 
ݓ௖ሺܽି, ݐሻ,௫ ൌ ݓ௖ሺܽା, ݐሻ,௫ 
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ܧܫݓ௖ሺܽି, ݐሻ,௫௫ ൌ ܧܫݓ௖ሺܽା, ݐሻ,௫௫ 
ܧܫݓ௖ሺܽି, ݐሻ,௫௫௫ െ ܧܫݓ௖ሺܽା, ݐሻ,௫௫௫ ൌ ݇ݓ௖ሺܽ, ݐሻ. 
In order to determine which state of the system applies, the beam deflection at the contact 
location is monitored. This deflection at any time is calculated via modal analysis as 
ݓሺܽ, ݐሻ ൌ ෍ ௡ܹሺܽሻߟ௡ሺݐሻ
ே
௡ୀଵ
 
where N denotes the number of modes in the current state considered in the simulation as 
discussed in the next section. At relatively small discrete time steps, the deflection at x ൌ a is 
contrasted with zero; if wሺa, tሻ ൐ 0, then T୤ exists, and Tୡ exists when wሺa, tሻ ൏ 0. When the 
deflection is zero, the corresponding free or contact modes are used for the calculation in the 
next time step. 
Mapping between the two states is realized through a transformation matrix. This relation 
is obtained by applying the compatibility conditions at the jth impact or rebound time points, or 
ݓ௙൫ݔ, ݐ௝
ି൯ ൌ ݓ௖൫ݔ, ݐ௝
ା൯    
ݓ௙൫ݔ, ݐ௝
ି൯
,௧
ൌ ݓ௖൫ݔ, ݐ௝
ା൯
,௧
. 
For example, the displacement compatibility through modal analysis from contact to free 
and vice versa causes 
                                         ෍ ௣ܹ
௙ሺݔሻ ߟ௣
௙ሺݐ௝
ିሻ
௠
௣ୀଵ
ൌ ෍ ௤ܹ௖ሺݔሻ ߟ௤௖ሺݐ௝
ାሻ
௡
௤ୀଵ
                                        ሺ11ሻ 
where again “f” refers to the free state, “c” refers to the contact state, and t୨ is the time point 
when impact occurs. 
Premultiplying by ׬ W୬ୡሺxሻ dx
L
଴  and applying the modal orthonormality property, 
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ߟ௡௖൫ݐ௝
ା൯ ൌ ෍ߩܣ · ቆන ௣ܹ
௙ሺݔሻ  ௡ܹ௖ሺݔሻ
௅
଴
݀ݔቇ · ߟ௣௙ሺݐ௝
ିሻ
ே
௣ୀଵ
               where n ൌ 1 to N          ሺ12ሻ 
Note that the integral term is a constant representing the projection of each state’s modes 
onto the other state, as done by Ervin et al. [37]. 
2.3 CONVERGENCE STUDY 
In order to achieve the most accurate and efficient result, a convergence study is 
performed to reach the optimal number of included modes. In this study, a reference system will 
be used as the basis for later studies, and the parameters for this reference system are shown in 
Table 2-1. The convergence is examined for three boundary conditions. 
 
Table 2-2. Maximum amplitude for the reference system with varying boundary conditions. 
Boundary 
Condition State 
Percent Difference in Maximum Amplitude 
2f2c 4f4c 6f6c 8f8c 
Fixed-Free 
free 1.2045 0.1376 0.1270 1.43x10-5 
contact 3.5333 0.2308 0.8654 0.0020 
Pinned-
Pinned 
free 5.8750 0.8023 0.1798 0.0382 
contact 2.4000 2.1351 0.6486 0.0011 
Fixed-Fixed 
free 5.9375 1.9643 0.5529 0.1082 
contact 7.5826 0.8475 1.0508 0.1288 
 
In performing the convergence study, the incremental percent difference of the maximum 
body deflection at x = a is the selected evaluation factor. As illustrated in Figure 2-2, no 
difference is visible between the cantilever response with eight free/eight contact modes (8f8c) 
and the eight free/sixteen contact modes (8f16c). Therefore, the 8f16c case is converged and 
treated as the most accurate for comparison. Based on the investigation prescribed in Table 2-2, 
the greatest difference is less than 0.13%. Two important conclusions can also be obtained from 
Table 2-2. First, the 8f8c case provides a reasonably accurate response with difference less than 
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1% for all three reference cases. Similar convergence results were obtained for a Pinned-Pinned 
Euler-Bernoulli beam by Bao et al. [39] as well. The second observation is that, as the structural 
rigidity increasing, more modes are needed for a convergent response. This same procedure is 
applied for all other parameter studies in the next section to achieve convergent time histories. 
 
 
Figure 2-2. (a) Convergence study on the reference system with Fixed-Free boundary condition 
and applied impulse of 0.1 ms. (b) Inset of the peak difference. 
 
For confirmation, a Fast Fourier Transform (FFT) is also carried out via MATLAB® for 
the converged time history of the Pinned-Pinned reference case. The simple sinusoidal mode 
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shapes of this boundary condition cause it to be the best for identifying harmonic behavior. As 
provided in Table 2-3, the first two harmonics of the fundamental system frequency are observed. 
Any higher harmonics are not visible due to their small magnitude. None of the even modes are 
activated due to symmetry of the structure and the load. Note also that the measured system 
frequency is between the free and contact state frequency. Knowing this, test engineers can 
quickly access whether possible contact or looseness exists in a monitored structure. For example, 
if the observed frequency is higher than the expected one, then unwanted contact/impact may 
happen in the system. The exact quantity relationship among the free frequency, system 
frequency and the contact frequency still requires further study. 
 
Table 2-3. FFT results for the reference system with Pinned-Pinned boundary condition. 
Frequency 
(Hz) 
First 
mode 
First mode 
1st harmonic  
First mode 
2nd harmonic 
Third 
mode 
Fifth 
mode 
Free State 30.0 — — 270.1 750.3 
System 41.0 82.4 123.0 272.3 751.0 
Contact State 64.6 — — 276.7 752.7 
 
2.4 CASE STUDIES 
Seven influential parameters are investigated through numerical case studies. Important 
factors include structural stiffness as beam height h, material as elastic modulus E, contact 
stiffness k, contact location a, damping ratio ૆, pulse duration t1, and clearance c. Three relative 
different values are assigned for each parameter: “low,” “medium,” and “high” values. These 
have been selected by observing the simulated results to ensure significantly different behavior 
in each run. Variation is based upon the reference system which corresponds to the medium 
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study case. Specific parameter values are provided in Table 2-4. Note that the associated non-
dimensionalized parameters are defined as follows: 
b* = b / L; h* = h / L; E* = E / Elow; k* = k / (EI / L3); a* = a / L; ૆* = ૆. 
 
Table 2-4. Parameters used in the case studies. 
  
Dimensional 
Quantity 
Associated Non-
dimensional 
Basic  
Parameters 
Length, L  N/A 
Density, ρ 2.7 x 103  kg/m3 N/A 
Beam Depth, b 1.016 x 10-2 m    b* = 0.067 
Changing  
Parameters 
൭
low
medium
high
൱ 
Beam          
Height, h 
1.524 x 10-3 m    h* = 0.01 
3.048 x 10-3 m   0.02 
5.08 x 10-3 m     0.033 
Elastic       
Modulus, E 
0.0689 GPa    E* = 1 
0.689 GPa   100 
68.948 GPa       10000 
Spring        
Stiffness, k 
0 N/m    k* = 0 
875.6 N/m  188 
8756 N/m    1880 
Contact      
Location, a 
1.875 x 10-2 m    a* = 0.123 
7.62 x 10-2 m 0.5 
10.348 x 10-2 m     0.679 
Damping      
Ratio, ૆ 
0%    ૆* = 0 
2%    0.02 
5%    0.05 
Pulse  
Duration, t1 
0.0001 s - 
0.001 s - 
0.1 s - 
Clearance, c 
0 - 
30% peak - 
60% peak - 
90% peak - 
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2.4.1 BEAM HEIGHT, h 
The beam height h is chosen to vary the structural stiffness due to its cubic contribution 
to I. With increasing h, frequency increases, so the cycle time should decrease. As illustrated in 
Table 2-5, the periods of the first repeated pattern are 0.1190, 0.0674 and 0.0450 seconds, 
respectively; it decreases to 56.64% and then to 37.78% of the low h case. 
 
 
Figure 2-3. Changing beam height h on Fixed-Free beam. 
 
With increasing h, the structural stiffness enlarges, so the maximum deflection should 
decrease. This is confirmed by the simulation results for the converged Fixed-Free case as shown 
in Figure 2-3 and listed in Table 2-5. The maximum deflection for the free state decreases to 25% 
and then to 9% of the low stiffness case; similarly, the deflection for the contact state decreases 
to 95% and then to 64% of the same case.  
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Table 2-5. Case study summary for Fixed-Free beam. 
Changing 
Parameters 
Cases
Cycle 
Time 
(s) 
Percent of 
Cycle 
in Contact 
Max Free 
Amplitude, 
Max F (mm) 
Min Contact 
Amplitude, 
Min CS (mm) 
Max F
Min CS
 
Beam 
Height, h 
low 0.1190 17.2101 9.1050 -0.7042 12.9296
med. 0.0674 26.8694 2.2750 -0.6684 3.4037 
high 0.0450 34.1859 0.8180 -0.4526 1.8073 
Elastic 
Modulus, 
E 
low 0.1868 19.9743 7.1940 -0.4492 16.0151
med. 0.0674 26.8694 2.2750 -0.6684 3.4037 
high 0.0091 45.3987 0.2262 -0.2263 0.9996 
Spring 
Stiffness, 
k 
low 0.0915 46.1135 2.2690 -2.3680 0.9582 
med. 0.0674 26.8586 2.2760 -0.6678 3.4082 
high 0.0591 16.5990 2.2750 -0.1434 15.8647
Contact 
Location, 
a 
low 0.0901 44.0089 0.2645 -0.2248 1.1766 
med. 0.0674 26.8694 2.2750 -0.6684 3.4037 
high 0.0580 17.7099 3.4516 -0.8125 4.2481 
Damping 
Ratio, ૆ 
low 0.0674 26.8546 2.2751 -0.6684 3.4038 
med. 0.0675 27.6501 2.1610 -0.5230 4.1319 
high 0.0676 28.9941 2.0256 -0.3795 5.3375 
Pulse 
Duration, 
t1 
low 0.0674 26.8843 2.2730 -0.6571 3.4591 
med. 0.0722 26.7729 202.4000 -46.2900 4.3724 
high 0.1631 11.2201 597.3000 -36.7800 16.2398
Clearance, 
c 
zero 0.0674 26.8843 2.2730 -0.6689 3.3981 
low 0.0582 13.5911 2.2730 -0.6995 3.2495 
med. 0.0565 9.2212 2.2730 -0.7684 2.9581 
high 0.0559 7.3524 2.2730 -0.8787 2.5868 
 
Table 2-5 shows another important conclusion that the more flexible the structure is, the 
more sensitivity to the contact stiffness k. This can be proven by the absolute maximum free 
versus minimum contact deflection ratio (Max F vs. Min CS): it decreases from 12.93 to 1.81 
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with increasing h. However, the time in the contact state in the first repeated pattern increases 
from 17.21% to 34.19% with increasing h.  
Similar trends are detected for the convergent Pinned-Pinned and Fixed-Fixed boundary 
conditions as well. This result is further verified by comparing the three boundary conditions for 
the medium h as shown in Figure 2-4. Both the amplitude of and time in the contact state are 
more affected when the structure is more flexible. The response for the Fixed-Free case is the 
most complex as well. 
 
 
Figure 2-4. Medium beam height h with changing boundary conditions. 
 
2.4.2 ELASTIC MODULUS, E 
The material properties must be important parameters; the elastic modulus is selected for 
stiffness variation rather than density ρ, which would influence both mass and frequency. As 
shown in Figure 2-5, the case with Fixed-Free boundary condition is analyzed first.  
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Figure 2-5. Changing elastic modulus E on Fixed-Free beam. 
 
Similar to the previous case, increasing E enlarges the modal frequencies and lessens 
deflection. As shown in Figure 2-5 and Table 2-5, the deformation of the beam decreases 
dramatically, especially in the free state; the maximum deflection decreases to 31% and then to 
3.1% of the low E case. This is not true for the rebound case; the maximum deflection for the 
contact state increases to 148.8% and then decreases to 50.38% of the low E case. 
With increasing E, the influence of contact stiffness k decreases. As illustrated in Table 
2-5, the Max F vs. Min CS ratio reduces from 16.02 to 1, and the time in the contact state for the 
first repeated pattern increases from 19.97% to 45.40%. 
With increasing stiffness, the cycle time periods decrease. For the first repeated pattern, 
the periods are 0.1868, 0.0674 and 0.009117 seconds, respectively, as E enlarges. The time 
period decreases to 36.08% and then to 4.88% of the low E case.   
Similar trends are detected for the Pinned-Pinned and Fixed-Fixed boundary conditions. 
The figure for comparison of the three boundary conditions is similar to that of Figure 2-5. 
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2.4.3 CONTACT STIFFNESS, k 
Addressed by numerous researchers, the contact stiffness k is studied to investigate the 
influence of interfacial properties on the structural dynamic response. 
 
 
Figure 2-6. Changing contact stiffness k on Fixed-Free beam. 
 
First, the Fixed-Free boundary case is analyzed. As shown in Figure 2-6, no difference is 
observed for the first free state with increasing k, and this can be verified by the maximum 
deflection in Table 2-5 as well. This makes sense as no change in the system has yet occurred 
with the same initial conditions. In the contact state, the maximum amplitude decreases to 28.2% 
and 6.06% with increasing k. In the remaining free states, the maximum deflection of the three 
cases stays within 5% difference. With increasing k, the system stiffness increases, so the cycle 
time periods should decrease. As shown in Table 2-5, the periods are 0.09147, 0.06739 and 
0.0591 seconds, respectively. For the high k case, two or three small impacts (or “chatters”) exist 
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before the structure researches to a maximum deflection; this does not occur for the other cases. 
For the first repeated pattern, the time in contact reduces from 46% to 26.86% and then to 16.6%. 
This makes sense because the stiffer the spring, the shorter time in contact. 
 
 
Figure 2-7. Changing contact stiffness k on Pinned-Pinned beam. 
 
For the Pinned-Pinned boundary condition in Figure 2-7, higher stiffness and system 
frequencies cause the maximum free displacement amplitude to drop from 2.269 mm to 1.689 
mm as in Table 2-5 and 2-6. For the first repeated pattern, the first cycle time periods are 
0.03337, 0.02429 and 0.02012 seconds, respectively, as increasing k. The time for the contact 
state also decreases from 49.9% to 31.2% and then to 16.9%.  
A similar trend is observed for the Fixed-Fixed boundary condition (Figure 2-8) with 
even higher stiffness and system frequencies. Thus, the maximum free displacement drops again 
to 0.7786 mm overall.  As illustrated in Table 2-7, the first cycle time periods are 0.0148, 
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0.01255 and 0.009783 seconds, respectively, as increasing k. The time in the contact state 
decreases from 49.1% to 39.93% and then to 22.9%. 
 
Table 2-6. Case study summary for Pinned-Pinned beam. 
Changing 
Parameters 
Cases 
Cycle 
Time (s) 
Percent of 
Cycle 
in Contact 
Max Free 
Amplitude,
Max F 
(mm) 
Min Contact 
Amplitude, 
Min CS 
(mm) 
Max F
Min CS
Beam 
Height, h 
low 0.0405 17.5846 6.7450 -1.0100 6.6782
med. 0.0243 31.2063 1.6860 -0.7716 2.1851
high 0.0174 42.1416 0.6070 -0.4653 1.3045
Elastic 
Modulus, E 
low 0.0635 16.9868 5.3330 -0.6675 7.9895
med. 0.0243 31.2063 1.6860 -0.7709 2.1871
high 0.0033 48.5303 0.1674 -0.1652 1.0133
Spring 
Stiffness, k 
low 0.0334 49.9251 1.6890 -1.6900 0.9994
med. 0.0243 31.2063 1.6860 -0.7710 2.1868
high 0.0201 16.9483 1.6860 -0.2109 7.9943
Contact 
Location, a 
low 0.0299 44.1511 0.7083 -0.4928 1.4373
med. 0.0263 36.4880 1.4393 -0.5981 2.4065
high 0.0243 31.2063 1.6860 -0.7710 2.1868
Damping 
Ratio, ૆ 
low 0.0243 31.2104 1.6862 -0.7709 2.1873
med. 0.0244 31.4760 1.6322 -0.6778 2.4081
high 0.0245 31.6026 1.5594 -0.5871 2.6561
Pulse 
Duration, t1 
low 0.0243 31.2346 1.6860 -0.7710 2.1868
med. 0.0294 26.3265 144.4000 -63.6800 2.2676
high 0.1242 6.1192 178.6000 -0.3414 523.14
Clearance, c 
zero 0.0243 31.2346 1.6860 -0.7705 2.1882
low 0.0238 26.0596 1.6860 -0.7884 2.1385
med. 0.0234 22.5641 1.6860 -0.8176 2.0621
high 0.0231 19.2891 1.6860 -0.8721 1.9333
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Table 2-7. Case study summary for Fixed-Fixed beam. 
Changing 
Parameters 
Cases 
Cycle 
Time (s) 
Percent of 
Cycle 
in Contact
Max Free 
Amplitude,
Max F 
(mm) 
Min 
Contact 
Amplitude, 
Min CS 
(mm) 
Max F
Min CS
Beam 
Height, h  
low 0.0198 24.2057 3.1360 -1.1650 2.6918
med.  0.0126 39.9363 0.7835 -0.5275 1.4853
high 0.0086 47.1492 0.2817 -0.2565 1.0982
Elastic 
Modulus, E 
low 0.0308 23.0295 2.4790 -0.8397 2.9522
med. 0.0126 39.9363 0.7835 -0.5275 1.4853
high 0.0015 47.6100 0.0760 -0.0792 0.9599
Spring 
Stiffness, k  
low 0.0148 49.1554 0.7786 -0.8072 0.9646
med.  0.0126 39.9363 0.7836 -0.5275 1.4855
high 0.0098 22.9480 0.7835 -0.2643 2.9644
Contact 
Location, a  
low 0.0142 49.9507 0.1863 -0.1608 1.1586
med. 0.0137 46.0366 0.5950 -0.4378 1.3591
high 0.0126 39.9363 0.7836 -0.5275 1.4855
Damping 
Ratio, ૆ 
low 0.0126 39.9522 0.7835 -0.5275 1.4853
med. 0.0126 40.4535 0.7405 -0.4512 1.6412
high 0.0127 40.9421 0.6946 -0.4155 1.6717
Pulse 
Duration, t1 
low 0.0126 40.1587 0.7829 -0.5271 1.4853
med. 0.0177 30.3955 35.9000 -21.7100 1.6536
high 0.0227 37.0044 35.9000 -5.7150 6.2817
Gap Size, c 
zero 0.0126 39.9363 0.7829 -0.5274 1.4845
low 0.0122 34.9223 0.7829 -0.5343 1.4653
med. 0.0120 30.2510 0.7829 -0.5504 1.4224
high 0.0117 26.0702 0.7829 -0.5795 1.3510
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The three cases with high contact stiffness k of different boundary conditions are 
contrasted. With the boundary condition changes from Fixed-Free to Pinned-Pinned and then to 
Fixed-Fixed, structure becomes stiffer. As shown in Figure 2-9, the stiffer structure causes less 
deflection in the free state while larger deflection in the contact state. This can also be verified by 
the data in Tables 2-5−2-7, the maximum free amplitude decrease from 2.275 mm to 1.686 mm 
and then 0.7835 mm, and the minimum contact amplitude increases from -0.1434 mm to -0.2109 
mm and then -0.2543 mm.  The cycle time shortens with the stiffer structure, but the percent of 
cycle in contact enlarges from 16.59% to 16.95% and then 22.95%. If compared with the 
corresponding low k case, the stiffer structure causes less change in contact time. The percent of 
cycle in contact changes are Fixed-Free 29.51%, Pinned-Pinned 33% and Fixed-Fixed 26.2%, 
respectively. 
 
 
Figure 2-8. Changing contact stiffness k on Fixed-Fixed beam. 
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Figure 2-9. Maximum contact stiffness k with changing boundary conditions  
 
2.4.4 CONTACT LOCATION, a 
Contact location is another important factor for any structure under impact. In this 
subsection, the variation of the contact location a is first studied for a cantilever, and then the 
influence of boundary conditions will be further analyzed. 
For the Fixed-Free boundary condition, three different values (0.123L, 0.5L, and 0.679L) 
of contact location a are selected as each is not a nodal point. As illustrated in Figure 2-10, due to 
non-symmetry of the boundary, the deflection in both free and contact states increases as a 
moves from x = 0 to L. This input energy by the spring is verified by the data in Table 2-5; the 
maximum free deflection increases from 0.26 mm to 3.45 mm, and the absolute minimum 
contact deformation enlarges from 0.22 mm to 0.81 mm. Higher rebounds are also obtained with 
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the low a value, less deflection and higher frequency modes are observed, and multiple impacts 
result.  
 
 
Figure 2-10. Changing contact location a on Fixed-Free beam. 
 
 
Figure 2-11. Changing contact location a on Pinned-Pinned beam. 
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For the Pinned-Pinned boundary case, another contact location at 0.25L is added to 
investigate the influence of contact at a node point. Due to the symmetry of the structure, contact 
locations at x > 0.5L are identical to those at x < 0.5 L. As shown in Figure 2-11, with a 
increasing the deformation in either state enlarges; for the free state, it increases from 0.71 mm to 
1.69 mm and for the contact state from 0.49 mm to 0.77 mm. From Table 2-6, the contact time 
decreases from 44.15% to 33.21% with increasing a. This is logical because there is less 
deflection near the boundary, so spring influence will decrease. 
For the Fixed-Fixed boundary case, the same contact locations are selected, and 
symmetry about 0.5L again appears. As observed in Figure 2-12 and Table 2-7, similar trends are 
detected as for the Pinned-Pinned case.  
 
 
Figure 2-12. Changing contact location a on Fixed-Fixed beam. 
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As illustrated in Figure 2-13, the three different boundary conditions are compared with 
the contact location of 0.123L. No clear trend is detected except that the Pinned-Pinned system 
has the greatest response. 
 
 
Figure 2-13. Changing boundary conditions with a = 0.123L. 
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but the maximum amplitude decreases from 2.28 mm to 2.03 mm for the free state and from 0.67 
mm to 0.38 mm for the contact state. 
For the Pinned-Pinned and the Fixed-Fixed boundary cases, similar trends are observed 
for the cycle time periods and the amplitudes. Specific values can be provided in Tables 2-6 and 
2-7.  
 
 
Figure 2-14. Changing damping ratio ૆ on Fixed-Free beam. 
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0.3043 seconds for the Fixed-Free, Pinned-Pinned, and Fixed-Fixed boundaries, respectively. 
2.4.6 PULSE DURATION, t1 
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0.01, and 0.1 seconds are selected for further study. The resulting time histories are provided in 
Figure 2-15. 
 
Figure 2-15. (a) Changing pulse duration t1 (in red) on Fixed-Fixed beam. (b) Inset of the 
shortest duration case. 
 
In Figure 2-15 (a) and (b), the straight red lines indicate the pulse duration. For Fixed-
Fixed boundary cases, increasing duration will extend the cycle time and amplify the structure 
deflection. This data is provided in Table 2-7. With increasing t1, the cycle time prolongs from 
0.0126 second to 0.0177 second, and then to 0.0227 second; the amplitude jumps from 0.7829 to 
35.9 millimeters for the free state and from - 0.5271 to - 21.71 millimeters when in contact. The 
Max F versus Min CS ratio increases from 1.48 to 6.28 as well. If the duration is long enough, 
the beam will vibrate around a balanced position in free motion during the applied excitation as 
for t1 = 0.1 seconds.  
For the Fixed-Free and the Pinned-Pinned boundary cases, similar trends are observed for 
the cycle time periods and the Max F versus Min CS ratio. Specific values are provided in Tables 
2-5 and 2-6. 
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In studying contact-impact, gap size or clearance is an extremely important factor. In this 
analysis, the gap sizes are obtained based on the contact state deflection of corresponding 
reference case when there is no gap. Three gap sizes of 30%, 60%, and 90% of the first contact 
peak magnitude are considered herein. 
From Figure 2-16 to 2-18, the simulation results of changing gap size are illustrated. 
Insets of the first contact portion and the second free portion of the response are provided as the 
subplots named (b) and (d) of each figure. In order to have an overall understanding of the 
structural deformation, screenshots at the peak time of the two insets are also provided with 
labels (c) and (e) of each figure.  
As shown in Figure 2-16 (a) to (e), for Fixed-Free boundary case, increasing the gap size 
will shorten the cycle time and the time portion in the contact state. Provided in Table 2-5, the 
cycle time decreases from 0.0674 to 0.0559 seconds, and the percent in the contact state reduce 
from 26.88% to 7.35%. With increasing c, the absolute minimum deflection in the contact state 
increases from - 0.6689 to - 0.8787 millimeters, about 31.36%. This again proves that clearance 
can be damaging and requires high attention. 
As shown in Figure 2-17 (a) to (e), the same trends are detected for Pinned-Pinned 
boundary case. Provided in Table 2-6, the cycle time decreases from 0.0243 to 0.0231 seconds, 
and the percent in the contact state reduce from 31.23% to 19.29%. With increasing c, the 
absolute minimum deflection in the contact state increases from - 0.7705 to - 0.8721 millimeters.  
As shown in Figure 2-18 (a) to (e), the same trends are detected for Fixed-Fixed 
boundary case. Provided in Table 2-7, the cycle time decreases from 0.0126 to 0.0117 seconds; 
and the percent in the contact state reduce from 39.94% to 26.07%. With increasing c, the 
absolute minimum deflection in the contact state increases from - 0.5274 to - 0.5795 millimeters.  
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Figure 2-16. (a) Changing gap size c on Fixed-Free beam. (b) Inset for the first contact state (c) 
Comparison of beam deflection at t = 0.063 s (d) Inset for the second free state (e) Comparison 
of beam deflection at t = 0.098 s. 
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Figure 2-17. (a) Changing gap size c on Pinned-Pinned beam. (b) Inset for the first contact state 
(c) Comparison of beam deflection at t = 0.02 s (d) Inset for the second free state (e) Comparison 
of beam deflection at t = 0.0325 s. 
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Figure 2-18. (a) Changing gap size c on Fixed-Fixed beam. (b) Inset for the first contact state (c) 
Comparison of beam deflection at t = 0.011 s (d) Inset for the second free state (e) Comparison 
of beam deflection at t = 0.017 s. 
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For any boundary condition, increasing gap size will shorten the cycle time and amount 
of time in contact; moreover, the deformation amplitude dramatically increases. 
 
 
Figure 2-19. Comparison of changing boundary conditions with 0.2 mm clearance. 
 
As illustrated in Figure 2-19, the three different boundary conditions are compared with 
the clearance of 0.2 millimeters. For this same gap size, the maximum deflection in the free state 
and durations in both states decrease when the boundary condition progressively changed from 
Fixed-Free to Pinned-Pinned and then Fixed-Fixed. No clear trend was detected for the minimum 
deformation in the contact state. 
2.5 EXAMPLE 
As an example of a potential application, shock tube testing is analyzed with this 
simplified model. Providing experimental data, the shock tube shown in Figure 2-20 constructed 
by Dr. Arun Shukla at the University of Rhode Island uses simply supported test specimens of 
256 mm by 102 mm. The span of the experimental plate was 152 mm, and the overhangs were 
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50.8 mm at each end. Each specimen is placed into an instrumented driven section of the tube. In 
the adjoining driven section, helium pressure builds until a mylar diaphragm ruptures, sending an 
air blast that imparts a shock wave to the specimen [40].  
 
 
Figure 2-20. Shock Tube Facility at the University of Rhode Island (Dr. Arun Shukla). 
 
 
 
 
In this study, the composite specimen numbered VC00AS01 is chosen to compare with 
the numerical results. As in Figure 2-21, the gross material parameters are the length L of 152.4 
millimeters, the width of the crossection is 101.6 millimeters, and the thickness is 9.525 
Tube exit 
Deflected specimen 
Optical scale 
Pin support 
Driven section 
Figure 2-21. A still photograph of a loaded test specimen. 
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millimeters. The gross density of the material is 1112.44 kg/m3 and flexural modulus 2.56 GPa. 
The longitudinal centerline section of the plate is simulated as a beam, and any transverse 
relative motion is neglected. Base excitation f(t) can be considered, but it is converted herein to 
an effective distributed force which simulates the shock tube pressure. Discrete test data has been 
provided for the mid-span displacement w(L/2, t) using optical means.  
2.5.1 BOUNDARY CONTACT 
In preliminary trials [41], the numerical simulation could not match the shock tube test 
result but could envelop the response. There were six load cases considered in previous study. In 
Case 1 (Figure 2-22), the entire excitation force is distributed over the entire beam length, which 
neglects that the exit tube does not extend over the span and the plate overhangs the simple 
supports. This provided the best results as compared to the excitation force as only applied at the 
tube exit part and equivalent force is obtained based on same mid-span deflection. Any gravity 
induced moments of overhanging parts, possible rotation, and asymmetry of the structure had 
little effect. 
 
 
Figure 2-22 Applied pulse for specimen VC00AS01 
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Besides all the aforementioned parameters, boundary condition uncertainty is another 
factor that needs to be considered. As shown in Figure 2-21, since there is no attachment 
between the specimen and the pinned support, contact may occur at the end boundary.  
In this example, one-sided contact at a boundary is considered as shown in Figure 2-23. 
In the model, a vertical spring with high stiffness is used to simulate the boundary condition 
where contact may occur. The prior study in [41] showed that the best load case was Case 1, a 
conservative model for response approximation. For this simulation, zero clearance with this 
load case was chosen to study the influence of boundary contact. 
 
 
 
 
 
Figure 2-24. Model for contact location at boundary condition.  
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Figure 2-23. Model for contact location at boundary. 
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As shown in Figure 2-24, considering possible contact at one boundary provides for 
better prediction as compared to the experimental result. Higher order frequencies will be 
activated in contact, but these modes will die down quickly with damping. At the available test 
data points, the maximum difference dramatically decrease from 143.38% to 71.23% for the 
simulation before and the simulation now using four modes and 5% damping. The average 
difference also considerably lowers from 50.83% to 17.46%. as for the same simulation cases 
just mentioned. 
2.5.2 CHANGING E 
Another potential source of error is changing E during loading. During the excitation, 
damage may occur inside the specimen which will result in decreasing of the gross elastic 
modulus.  
 
Figure 2-25. Assumed changing E process of (a) 5% each step and (b) 20% each step. 
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The applied pulse and the assumed softening process are illustrated in Figure 2-22 and 2-
25, respectively. The first natural frequency decreases from 282.83 Hz to 275.67 Hz, 268.32 Hz 
and 260.76 Hz for the elastic modulus being E to 0.95 E, 0.90 E, and 0.85 E. The first natural 
frequency lowers from 282.83 Hz to 252.97 Hz, 219.08 Hz, and 178.88 Hz for the elastic 
modulus being E to 0.80 E, 0.60 E, and 0.4 E. As shown in Figure 2-26, decreasing the elastic 
modulus E will cause the absolute minimum deflections to be 9.70%, and 64.15% larger for 5% 
and 20% each step, respectively. Since the linear model is more sensitive to the applied force, 
softening of the specimen material could not provide a better estimation. 
The increment of deflection due to weaken the elastic modulus proves that the numerical 
simulation can provide reasonable result. However, this might not be a rational model to 
calculate shock tube response. 
 
 
Figure 2-26. Comparison of changing E result with experimental data. 
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2.6 CONCLUSION 
In this study, an Euler-Bernoulli beam with adjustable boundary conditions and variable 
impact is numerically studied under pulse loading. Structural stiffness, material modulus, contact 
stiffness, contact location, damping ratio, pulse duration, clearance and boundary conditions are 
investigated. A reference system is used as the basis for parameter studies and solution 
convergence is examined for three boundary conditions. 
For increasing beam height h, structural stiffness enlarges, so the cycle time and the 
maximum deflection decrease. Also, the more flexible the structure is, the more sensitivity to the 
contact stiffness k. Similar trends are shown for increasing elastic modulus E. With increasing 
contact stiffness k, the system stiffness increases, the cycle time periods decrease, and less 
contact time occurs. For higher k values, two or three impacts may exist in each cycle. For any 
boundary, the contact location a is the parameter that most affects impact and rebound behaviors. 
Each mode shape directly influenced by the spring location; placing the contactor at a point of 
maximum deflection causes the greatest rebound response. Increasing the system damping 
drastically decreases all amplitudes as well as the response complexity. Increasing pulse duration 
will extend the cycle time and amplify the structure deflection. If the duration is long enough, the 
beam will vibrate around a balanced position in free motion during the applied forcing. For any 
boundary condition, increasing gap size will shorten the cycle time and the time portion in the 
contact state; the deformation amplitude dramatically increases in the contact state. For the 
example application, considering possible contact at one boundary provides better prediction as 
compared to the test result; softening of the specimen material could not provide a better 
estimation. 
In Chapter 3, experiments will be used to validate these simulation trend behaviors.
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CHAPTER III MODEL VERIFICATION 
3.1 INTRODUCTION 
In this chapter, test setup and process will be first detailed in Section 3.2. The obtained 
video will be processed in ProAnalyst and then compared for interested parameters. Observed 
trends are discussed in Section 3.3. Selected test cases have been compared with numerical 
simulation response and described in Section 3.4. 
3.2 EXPERIMENTAL CONFIGURATION 
The experimental setup was designed as an analog of the numerical model. With 
equipment available in the Multi Functional Dynamics Lab, the shake table in Figure 3-1 was 
used to apply a half-sine pulse loading. During the testing, the shaker was rotated into the 
vertical direction. The pulse is directed through a DVC vibration controller and a 480-voltage 
three-phase amplifier. The high speed camera in Figure 3-2 was employed to capture the 
deflection of the specimen; a similar utilization of a high speed camera was also applied by Zaal 
et al. [42] for a drop test investigation.  
 
 
Figure 3-1. LDS 650/PA2000 shaker system. 
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Figure 3-2. Redlake/Kodak Y4 high-speed camera. 
 
The “classical shock” interface of the shaker controller is shown in Figure 3-3. As the 
shaker is a mechanical apparatus, the amplitude and shape could not be exactly enforced by the 
controller. For example, although the excitation level was set to be exactly 15 g, the actual peak 
was 15.8 g. The shaker also needs to warm up and cool down (red zones in Figure 3); therefore, 
the applied pulse is not an exact half-sine shape (thick yellow line in Figure 3-3). 
 
 
Figure 3-3. Interface of the classical shock controller with highlighted traces. 
 
Two cantilever specimens were designed and fabricated with significant boundary 
considerations. Three-dimensional models were developed in AutoCAD (Figure 3-4), and a 3-D 
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printer technique was then employed to form the two specimens. The material used is 
Acrylonitrile Butadiene Styrene (ABS), with an elastic modulus E of 1834 MPa and a density ρ 
of 951.98 kg/m3 [43]. The two specimens are identical except for beam thickness, the length L is 
109.20 millimeters, the width b is 9.93 millimeters, and the thicknesses h are 2.02 and 3.03 
millimeters. The dimensions were determined based on the interested frequency range and the 
shaker adapter plate that would be used for applying pulse loading. The exact dimensions were 
post-measured using a micrometer. 
 
Figure 3-4. (a) Designed specimen in AutoCAD. (b) Fabricated specimen. 
 
Experiments were carried out on the designed specimens as shown in Figure 3-5. To 
reach the proposed fixed boundary condition, the base was designed to avoid possible motion. 
This is confirmed by the experimental data, as no relative displacement was detected between the 
specimen base and the shaker plate. During the testing, each specimen was securely attached to 
the shaker plate through two 5/16-inch threaded steel rods and one 1/4-inch hex head bolt on the 
base. The input time history was monitored by a 10 millivolts/g table accelerometer, and 
deflection was captured with high-speed imaging.  Two contact locations were separately 
considered in the experiment. For each contact test case, only one contactor was considered at 
either 0.4840Lor 0.0802L. The contactor element was a threaded nylon rod of 10/32 inches in 
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diameter that could be rotated to adjust the gap with the beam. Note that the gap was a difficult 
measurement even with a gapmeter. 
 
 
Figure 3-5. Complete test setup. 
 
There are sixteen test cases for the specimen with height of 3.03 millimeters (Table 3-1), 
and fourteen cases for the one with height of 2.02 millimeters (Table 3-2). For simplicity, “thick” 
will denote the beam height of 3.03 millimeters and “thin” that of 2.02 millimeters. Four 
parameters were considered: pulse duration, pulse amplitude, gap size, and contact location. Case 
3 and Tcase 3 are the reference cases for the thick and thin specimens, respectively. Only one 
parameter was modified for each test case and any observed change was based upon the 
reference case. An initial displacement case is also used to obtain the natural frequencies of each 
specimen. Due to simple time signals and Fast Fourier Transform (FFT) peaks, the cases without 
contactor are captured for the free condition first. Test parameters were chosen based upon 
compatibility with the numerical simulation, and actual test values were obtained in accordance 
with small deflection theory and shaker capabilities. 
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Table 3-1. Test cases for thick beam, h = 3.03 mm (* reference case). 
Case #  Amplitude  (g) 
Duration 
(millisecond)
Contact 
Location 
Gap  
(millimeter) 
Case 0 initial displacement (2 mm) n/a n/a 
Case 1 9 15 n/a n/a 
Case 2 15 15 0.4840 L 0.102 
Case 3* 15 15 0.4840 L 0.229 
Case 4 15 10 0.4840 L 0.229 
Case 5 15 5 0.4840 L 0.229 
Case 6 10 15 0.4840 L 0.229 
Case 7 5 15 0.4840 L 0.229 
Case 8 12.5 15 0.4840 L 0.229 
Case 9 15 15 0.4840 L 0 
Case 10 15 15 0.4840 L 0.432 
Case 11 15 15 0.4840 L 0.686 
Case 12 15 15 n/a n/a 
Case 13 15 15 0.0802 L 0.038 
Case 14 15 15 0.0802 L 0.038 
Case 15 20 15 0.0802 L 0.038 
Case 16 initial displacement (2 mm) n/a n/a 
 
Table 3-2. Test cases for thin beam, h = 2.02 mm (* reference case). 
Case # Amplitude (g) 
Duration 
 (millisecond) 
Contact 
Location 
Gap  
(millimeter) 
Tcase 1 initial displacement (2 mm) n/a n/a 
Tcase 2 3 15 n/a n/a 
Tcase 3* 3 15 0.4840 L 0.229 
Tcase 4 3 10 0.4840 L 0.229 
Tcase 5 3 20 0.4840 L 0.229 
Tcase 6 4 15 0.4840 L 0.229 
Tcase 7 5 15 0.4840 L 0.229 
Tcase 8 3 15 0.4840 L 0 
Tcase 9 3 15 0.4840 L 0.102 
Tcase 10 3 15 0.4840 L 0.432 
Tcase 11 initial displacement (2 mm) n/a n/a 
Tcase 12 3 15 0.0802 L 0 
Tcase 13 3 15 0.0802 L 0.038  
Tcase 14 initial displacement (2 mm) n/a n/a 
 
To examine repeatability, output pulses of shaker were compared for selected 
representative test cases Figure 3-6 and Table 3-3. The average difference of the maximum pulse 
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compared to the set controller value is significant at 6.29%. However, the standard deviations of 
the peak time location, pulse duration, and the maximum amplitude of the peak pulse are less 
than 0.2, which means the peak pulses distribute nearly the same. Due to this complex trace of 
the shake table acceleration, the actual pulse must be modeled for practical numerical simulation. 
 
Table 3-3. Comparison of the shake table output. 
Case # Max. pulse time (s) 
Max. pulse 
amplitude (g) 
Pulse 
duration (s) 
Case 3 0.06884 -16.225 0.01568 
Case 9 0.06896 -15.824 0.01628 
Case 10 0.06904 -16.103 0.01612 
Case 11 0.06912 -15.857 0.01608 
Case 12 0.06912 -15.778 0.01596 
Case 13 0.06900 -15.876 0.01628 
Average 0.06901 -15.944 0.01607 
Median 0.06902 -15.867 0.01610 
Standard 
deviation 0.00011 0.178 0.00023 
 
 
Figure 3-6. Comparison of shake table output.  
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Before starting the test series, pre-test runs were carried out to determine measurement 
sensitivity. Different views (Figure 3-7) were used in order to decide which had the most 
accuracy for this setup. Several settings in the video capture software Motion Studio [44] were 
also investigated.  
 
 
Figure 3-7. Various test views with the high speed camera.  
 
Table 3-4. Comparison of different camera views. 
      Parameter Whole beam Partial beam Contact zoom ROI  contact point 
Video 
condition uncompressed uncompressed compressed compressed 
Video [FPS] 1000 5000 4500 10400 
Scale 
[pixels/inch] 186 375 520 341 
Error [pixels] 0.5 0.5 0.5 0.1 
Error  
[inch (mm)] 
0.00269 
(0.06833) 
0.00133 
(0.03378) 
0.00096 
(0.02438) 
0.00029 
(0.00743) 
 
 
Although a camera view of the whole beam can provide the deflection at any point on the 
cantilever, the error is greatest among all the runs; as provided in Table 3-4, 0.06833 millimeters 
may seem insignificant, but contact detection needs more sensitivity.  Partial beam and contact 
zoom are realized through changing the lens and location of camera, and region of interest (ROI) 
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is obtained by windowing the captured figure in the software. By setting ROI, the smallest error 
and highest frame per second (FPS) can be reached. For this research, the deflection of the beam 
at the contact point is most important. Therefore, the ROI at the contact point view was chosen 
for most of the test cases. As the FPS increases, so does memory usage, and the video must be 
compressed during saving. For example, in this test the compressed avi-file is about 300 
megabytes, while the uncompressed one is nearly 1.5 gigabytes. The comparison between 
compressed and uncompressed videos is shown in Figure 3-8.  
 
 
Figure 3-8. Comparison of compressed and uncompressed video response. 
 
There is just 0.1% difference between the uncompressed and compressed vertical 
displacement data, which is well within an acceptable error range. Considering the tracking error 
of video analysis software (black bars in Figure 3-8 (b)), the compressed result falls into the 
possible range of the uncompressed one. Additionally, the compressed clip requires less saving 
time and space. Therefore, the remaining videos are stored in compressed format.  
Xcitex’s ProAnalyst was then employed to analyze the experimental videos [45]. There 
are two pixel tracking regimens in the software: one-dimensional edge detection and two-
dimensional pattern detection. The comparison of these two methods is shown in Figure 3-9. 
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Line tracking is limited by the error in black-to-white edge detection, which results in less 
information regarding contact in gray areas. Mistracked points also exist as lines may be 
unintentionally truncated by the object’s motion. The response via 2-D area tracking is smooth 
and continuous with detailed information in both free and contact states. Therefore, two-
dimensional region detection was used for this research. Before applying any tracking technique, 
the captured video may require pre-processing. The contrast and brightness may need to be 
adjusted.  
 
 
 
Figure 3-9. (a) Comparison of 1-D and 2-D tracking in ProAnalyst. (b) Inset for the contact state. 
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Origin and pixel calibrations are then introduced to the processed video as shown in 
Figure 3-10 (a). In these tests, the height of the cantilever beam was used for calibration, 
providing pixels per inch. After that, 2-D tracking was performed on the calibrated videos; the 
center of one region on the beam and one on the contactor were tracked separately, which are 
noted as two dots in Figure 3-10 (a). Using the tracked quantities in Figure 3-10 (b), the relative 
displacement of the beam specimen was obtained by first subtracting the base motion from the 
absolute beam displacement, and then deducting the original distance of the two tracking points.   
 
 
Figure 3-10. ProAnalyst interface of (a) calibration and (b) 2-D tracking. 
 
3.3 TEST RESULTS 
Based upon the interested parameters, a comparison of the processed experimental results 
is detailed in the following sections.  
3.3.1 INITIAL DISPLACEMENT 
(a) (b)
Tracked areas 
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To obtain the specimen properties, the first experiment in the series was an initial 
deflected shape from rest state. The free end displacement was limited to around two millimeters 
to ensure linear behavior. The natural frequencies were checked at both the beginning and the 
end of the test, and no shift or structural damage occurred throughout the tests. 
 
 
Figure 3-11. Response at the tracking point due to an initial deflection (Case 0) for the thick 
beam, h=3.03 mm. 
 
 
Figure 3-12. Case 0 frequency response as calculated from Figure 3-11. 
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Using the time history (Figure 3-11) of the tracking edge point, the frequency response 
obtained from ProAnalyst video analysis is shown in Figure 3-12. For frequencies lower than 
500 Hz, ProAnalyst can provide a clear result, but the FFT result becomes noisy at higher 
frequencies. The first natural frequency of the thick beam is 57.13 ± 2.20 Hz, and the second 
natural frequency is 355.96 ± 2.20 Hz.  Table 3-5 provides a comparison between these results, 
theoretical calculations, and tap tests with an impact hammer.  The theoretical values are based 
on the Euler-Bernoulli beam theory with the actual dimensions and textbook E. An 
accelerometer with mass of 0.5 gram and sensitivity of 10 millivolts/g was used for capturing the 
response of the specimen during the tap test. Comparing to the theoretical results, for the first 
two natural frequencies the difference is less than 1.5% in ProAnalyst. The frequency error is 15% 
for the tap test; since the beam to accelerometer mass ratio is 18.02, the attached accelerometer 
increases the mass of the system. Therefore, the natural frequencies are markedly decreased, and 
thus video analysis is superior.  
 
Table 3-5. Comparison of the first three natural frequencies. 
(Hz) Theoretical Labview (impact hammer) 
ProAnalyst 
(initial displacement) 
f1 56.39 47.78 ± 1.5 57.13 ± 2.20 
f2 353.36 299.59 ± 1.5 355.96 ± 2.20 
f3 989.41 878.10 ± 1.5 n/a 
 
3.3.2 TABLE PULSE  
Single half-sine pulses with various duration and amplitude are applied in Figure 3-13 (a). 
As detailed in the experimental setup section, the applied pulse is not exactly a half-sine shape, 
and the warm-up and cool-down motion needs to be considered later in the numerical simulation. 
Figure 3-13 (b) provides the resultant response for the contact point 0.4840 L as measured from 
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the fixed boundary via video analysis. A deflection less than zero indicate that the structure 
enters into a contact state. When shortening the excitation pulse, the maximum free response 
decreases. This makes sense because there is less input energy for the shorter pulse. When the 
pulse duration is 15 milliseconds, the maximum response is 1.4554 millimeters; by decreasing 
the pulse duration to 10 and then 5 milliseconds, the maximum deflection lowers 9.08% and 
24.26%, respectively. The duration that the cantilever in the free is 0.0187, 0.0147, and 0.0122 
seconds for Case 3, Case 4, and Case 5, respectively. That is, decreasing the pulse duration of 
33%, the time in the free state lowers 21.39%, and if further 66%, the time in the free state will 
be 34.76% shorter. Decreasing the pulse duration will shorten the time of beam in the free state 
as well. 
 
  
Figure 3-13. (a) Excitation and (b) response when changing pulse duration for thick beam. 
(a) 
(b) 
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When the specimen first contacts after the peak deflection, the minimum responses are - 
0.0828, - 0.0551, and - 0.0620 millimeters for pulse durations of 15, 10, and 5 milliseconds. By 
decreasing the pulse duration of 33% and then 66%, the absolute minimum deflection lowers 
33.44% and 25.15%, respectively. Thus, the absolute minimum deflection in the contact state 
does not have a linear relationship with respect to pulse duration. The duration in the first contact 
region is 0.0040, 0.0040, and 0.0038 seconds for Case 3, Case 4, and Case 5, respectively. 
Decreasing the duration of pulse does not significantly influence the time in the contact state. 
 
 
Figure 3-14. Response with changing pulse amplitude for the thick beam. 
 
Maintaining a 15 millisecond pulse duration, increasing the pulse amplitude will enlarge 
the deflection as shown in Figure 3-14. When the pulse peak value is 10 g, the maximum 
deflection is 1.0338 millimeters. If the pulse is 25% stronger, the deflection will increase 19.41% 
to 1.2344 millimeters; if 50% stronger, the deflection will further increase 40.79% to 1.4554 
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millimeters.  The rebound behavior around 0.13 seconds is due to the cool-down of the shaker 
controller. The time that the cantilever is in the free state is 0.0165, 0.0194, and 0.0187 seconds 
for Case 6, Case 8, and Case 3, respectively. If the pulse is 25% stronger, the time in the free 
state increases 17.58%; if 50% stronger, the time in the free state increases 13.33%. Therefore, 
the time in the free state does not linearly depend on the pulse amplitude. 
When the specimen first enters into the contact state after the peak deflection, the 
minimum responses are -0.1173, -0.0759, and -0.0828 millimeters for 10, 12.5, and 15 g 
excitation. When the pulse is 25% stronger, the absolute minimum deflection decreases 35.28%; 
if 50% stronger, the minimum will decreases 29.44%. The time in the contact state is 0.0047, 
0.0040, and 0.0040 seconds for Case 6, Case 8, and Case 3, respectively. Increasing the pulse 
amplitude will shorten the time in the contact state; with 25%, and 50% stronger pulse, the time 
both decreases 14.89%. 
Gap size causes a significant change in the experimental time histories. As in [46], 
increasing the gap size will enlarge the maximum deflection as shown in Figure 3-15. The case 
with no gap shows the smallest response: this makes sense because the contactor acts more like a 
stop when there is no gap. When the gap size is 0.229 millimeters, the maximum deflection 
jumps to 1.4580 millimeters due to the increased rebound effect. When the gap size increases 
88.65% to 0.432 millimeter, the maximum deflection will enlarge 12.72% further to 1.6434 
millimeters. Therefore, contact will augment the structural response under pulse loading, so 
clearances in machines or structures require high attention. The time in the free state is 0.0187, 
and 0.02 seconds for Case 3, and Case 10, respectively. Thus, increasing the gap size will extend 
the duration in the free state as well.  
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When the specimen enters into the first contact state after the maximum peak, the 
minimum responses are - 0.0828 and - 0.0599 millimeters for gap size being 0.229 and 0.432 
millimeters, respectively. The time in the contact state is 0.004 and 0.0022 seconds for Case 3 
and Case 10. 
 
 
Figure 3-15. Comparison of changing gap size for thick beam. 
 
Similar data analysis was performed for the thin beam specimen. As shown in Figure 3-
16 (a), the applied pulse is not exactly a half-sine shape as before. In order to avoid damaging the 
specimen, lower pulse amplitude was chosen for the thin beam, h = 2.02 millimeters. Decreasing 
the amplitude of pulse will cause more variation in the shaker controller, which makes the noise 
level increase.  
In Figure 3-16 (b), when shortening the excitation pulse, the maximum free response 
decreases. This is similar to the previous specimen as there is less energy input for the shorter 
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pulse. When the duration is 20 milliseconds, the peak response is 0.8915 millimeters; by 
decreasing the pulse duration to 15 and then 10 milliseconds, the maximum deflection lowers 
14.25% and 38.46%, respectively. The duration that the cantilever in the free state is 0.0204, 
0.0220, and 0.0158 seconds for Tcase 5, Tcase 3, and Tcase 4, respectively. By decreasing the 
pulse duration of 25%, the time in the free state extends 7.84%; and if further 50%, the time in 
the free state will be 22.55% shorter.  
 
 
Figure 3-16. (a) Excitation and (b) response when changing pulse duration for thin beam. 
 
When the specimen first contacts after the maximum peak, the minimum responses are - 
0.5105, - 0.5004, and - 0.3429 millimeters for pulse durations being 20, 15, and 10 milliseconds. 
By decreasing the pulse duration of 25% and then 50%, the absolute minimum deflection lowers 
1.99% and 32.84%, respectively. Unlike the situation for the thick beam, the minimum response 
(a) 
(b) 
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shows a linear trend with the pulse duration. The duration in the first contact region is 0.0100, 
0.0106, and 0.0104 seconds for Tcase 5, Tcase 3, and Tcase 4, respectively. Shortening the pulse 
duration does not significantly influence the time in the contact state, as observed for the thick 
beam. 
 
  
Figure 3-17. Response to changing pulse amplitude for thin beam. 
 
As shown in Figure 3-17, increasing the pulse amplitude will enlarge the maximum 
deflection. When the pulse amplitude is 3 g, the maximum deflection is 0.7798 millimeters. If 
the pulse is 33.33% stronger, the deflection will increase 22.80% to 0.9576 millimeters; if 66.67% 
stronger, the deflection will further increase 44.63% to 1.1278 millimeters. Linear increasing 
trend is detected for the maximum deflection in the free state. The duration of the cantilever in 
the free state is 0.0216, 0.0212, and 0.0212 seconds for Tcase 3, Tcase 6, and Tcase 7, 
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respectively. The difference is within 2%, the duration in the free state is not sensitive to the 
change of the pulse amplitude. 
When the specimen first enters into the contact state after the maximum peak, the 
minimum deflections for the three cases are within 1% difference. The deflection in the contact 
state is not sensitive to the change of pulse amplitude. The time in the contact state is 0.0106, 
0.009, and 0.0082 seconds for Tcase 3, Tcase 6, and Tcase 7, respectively. Reinforcing the 
amplitude first increases the time in contact sate by 15.09%, then by 22.64%. The time in the 
contact state increases monotonically with the pulse amplitude. 
 
 
Figure 3-18. Response to changing gap size for thin beam. 
 
As for the thick beam, increasing the gap size will enlarge the maximum deflection. The 
case with no gap shows the smallest response. In fact, the deflection is within the error range as 
shown in Figure 3-18. This makes sense because the contactor allows no rebound. When the gap 
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size is 0.102 millimeters, the maximum deflections are 0.6096 millimeters. When the gap size 
increases 124.51%, the maximum deflection will enlarge 30% to 0.7925 millimeters; if 323.53%, 
the maximum deflection will enlarge 55.83% to 0.9500 millimeters. Therefore, contact-impact 
will again augment structural response under pulse loading. The time in the free state is 0.0204, 
0.0218, and 0.0228 seconds for Tcase 9, Tcase 3, and Tcase 10, respectively. Increasing the gap 
size will first extend the time in the free state by 6.86%, then by 11.76%. A fairly linear 
increasing relationship is detected for the time in the free state and the gap size. 
When the specimen enters into the first contact state after the peak deflection, the 
minimum responses are - 0.3480, - 0.3683, - 0.5156 millimeters for gaps of 0.102, 0.229, and 
0.432 millimeters, respectively. When the gap size increases 124.51%, the absolute minimum 
deflection will enlarge 5.84%; if 323.53%, the absolute minimum deflection will enlarge 48.18%. 
The increasing trend observed in the free state does repeat in this contact portion. The time in the 
contact state is 0.0086, 0.0106, and 0.0088 seconds for Tcase 9, Tcase 3, and Tcase 10, 
respectively. Increasing the gap size will first extend the time in the contact state by 23.26%, and 
then by 2.33%. Enlarging the size of gap will increase the time in the contact state as well.  
3.4 MODEL PERFORMANCE 
The comparison of experimental and simulation responses is detailed in this section. A 
convergence study is included in addition to comparisons of both without and with a contactor. 
Sources of disparity are also discussed for each case. 
The applied experimental base acceleration (in blue) has been discretized as shown in 
Figure 3-19. In the simulation, the corresponding excitation force has been divided into small 
time steps of constant force (in red). 
3.4.1 CONVERGENCE STUDY 
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The convergence study ensures that the applied modal analysis has enough higher mode 
contribution. As shown in Figure 3-20, the maximum displacement at the first peak for Case 12 
has a 0.01% difference between the 2-mode and 8-mode simulations. Therefore, the fundamental 
frequency dominates for this load case, and higher frequencies are not active. This is a similar 
result to that of [41]. Considering accuracy and computational efficiency, four modes are used in 
this study. 
 
 
Figure 3-19 Discretizations of experimental excitation for modeling. 
 
 
Figure 3-20 Convergence study on Case 12. 
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3.4.2 COMPARISON OF TEST CASES WITHOUT CONTACTOR 
Selected cases where no contact occurs will be prescribed herein. The numerical 
responses for Case 12 of the thick beam and Tcase 2 of the thin beam have been analyzed.  
3.4.2.1 THICK BEAM, CASE 12 
For Case 12, the designed maximum amplitude of the excitation force is 15 g with 
duration of 15 milliseconds. No contact occurred in this case. 
The elastic modulus is a somewhat uncertain parameter when using an experimental 
specimen. The value given by Quickparts (1834 MPa) for the fabricated specimen must be 
verified for modeling. For this case, the first two natural frequencies from video analysis via 
ProAnalyst are 57.13 Hz and 355.96 Hz. The first two numerically calculated natural frequencies 
are 57.31 Hz and 359.13 Hz; the difference between the ProAnalyst and numerical results are 0.3% 
and 0.9% for the two modes. Considering the variation range of the experimental results, the 
given elastic modulus value is acceptable, and no tuning is required. 
The estimated damping ratio is calculated by averaging multiple time history analyses 
using logarithmic decrement method. One example is detailed in Appendix. For this case, the 
averaged damping ratio used is 1.1 ± 0.1%. Both viscous damping and material damping 
comprise this value. The surface friction is neglected; therefore, no Coulomb damping and 
interfacial damping is considered. 
Employing these parameters, the deflection time histories of both the experimental and 
model results are shown in Figure 3-21. The maximum deflections at the first major peak (t ≈ 
0.07 s) are 1.08 and 1.24 millimeters for the simulation and test, respectively. The minimum 
responses at the first negative peak (t ≈ 0.08 s) are - 1.26 and - 1.15 millimeters. These values are 
important for response prediction and show error from 9.57% to 13.31%. More disparity occurs 
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in the second and third positive peaks, but after that the figure shows comparatively good overlay. 
Thus, the decay of the response is well modeled. For duration of the response, 0.01012 seconds 
and 0.01052 seconds are the time period in the first negative peak for numerical and experiment, 
and the difference is 3.8%. Therefore, better temporal prediction is reached by the model than 
that of the amplitude with raw parameters. 
 
 
Figure 3-21 Comparison of experimental and numerical results for Case 12. 
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specimen due to just five layers of thickness; however, it seems surprising that the result is a 
higher E. The average measured damping ratio for the thin beam is 0.6%, less than the 1.1% of 
the thick beam.  
 
 
Figure 3-22 Comparison of experimental and numerical results for Tcase 2. 
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When compared to the thick beam, the error in amplitude estimation increases. For the 
thin beam, the model consistently shows conservative response. Due to the small signal 
amplitude for the base accelerometer, it is possible that the forcing function is underestimated. 
As a linear model, the numerical result highly depends upon the applied excitation. Further study 
of amplifying the excitation force shows that increasing the excitation by 20% dramatically 
improves the prediction of the model for thin beam without contact. 
3.4.3 COMPARISON OF TEST CASES WITH CONTACTOR 
 
Figure 3-23 FFT result for the first contact state in Tcase 5. 
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shown in Figure 3-23, the first contact part of Tcase 5 was selected as it has the greatest contact 
duration. In order to force the first contact frequency be 92.43 Hz, the contact stiffness needs to 
be 4030 N/m. Since the contactor remains the same physical entity in all test cases, the same 
stiffness k will also be applied to the calculation for thick beam.  
3.4.3.1 THICK BEAM, CASE 3 
Case 3 is the reference case for the thick specimen. The designed maximum amplitude of 
the excitation force is 15 g with duration of 15 milliseconds. The contact is at 0.484 L from the 
fixed boundary with a clearance of 0.229 millimeters. 
Because of the dissipation of energy by the contactor, the damping ratio of the system 
should be greater while in contact. The averaged damping ratio of 1.1% in the free state and 2% 
in the contact state was utilized in the simulation. 
 
 
Figure 3-24 Comparison of experimental and raw numerical results for Case 3. 
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As shown in Figure 3-24, the maximum deflections at the first major peak (t ≈ 0.075 s) 
are 1.237 and 1.469 millimeters for the simulation and experiment, with a difference of 15.79%. 
The minimum deflections for the first contact state (t ≈ 0.08 s) are - 0.1703 and - 0.08275 
millimeters for the simulation and experiment; and the difference is 105.80%. The duration for 
the first contact state is 0.00397 and 0.004 seconds for the simulation and experiment; the 
difference is 0.75%. Therefore, as in the case without a contactor, the model can provide better 
prediction of duration than amplitude. Note that the rebound response (t ≈ 0.13 s) is identified. 
As the contact stiffness directly affects the response, underestimation of this value may 
be the reason why the amplitude difference at the first contact part has been dramatically 
enlarged. Another possible reason would be the aforementioned underestimation of the excitation 
force; this explains why the first major peak is undervalued. Further study by increasing the 
pulse loading and contact stiffness value confirmed this presumption. With k being 7000 N/m 
and increasing the pulse by 20%, the amplitude difference is about 6% for free state and 17% for 
contact state. 
3.4.3.2 THIN BEAM, TCASE 3 
Tcase 3 is the reference case for the thin specimen. The designed maximum amplitude of 
the excitation force is 3 g’s with duration of 15 milliseconds. The contact is at 0.484 L from the 
fixed boundary with a clearance of 0.229 millimeters. 
As mentioned for the study of Case 3, the damping ratios applied for this case are 0.6% 
for the free state and 1.1% for the contact state. 
The raw numerical response using these parameters has weak correlation with test. As 
shown in Figure 3-25, the maximum deflections at the first major peak (t ≈ 0.07 s) are 0.5435 
and 0.7866 millimeters for the simulation and experiment with a difference of 30.90%. The 
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minimum deflection for the first contact state (t ≈ 0.08 s) is - 0.004992 and - 0.4996 millimeters 
for simulation and experiment, and the difference is 99.00%. The duration for the first contact 
state is 0.00445 and 0.0106 seconds for the simulation and experiment, the difference is 58.02%.  
 
 
Figure 3-25 Comparison of experimental and raw numerical results for Tcase 3. 
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3.5 CONCLUSION 
In this chapter, unique experiments were carried out and then used as a basis of 
comparison for numerical simulation verification. The test method for capturing the deflection of 
the specimen is new as no experiment has used high-speed optical measurement for pulse 
loading. With the proper parameter selection, satisfactory agreement on response time history is 
reached with the theoretical model. 
The experimental setup was designed as an analog of the numerical model. During the 
test, a half-sine pulse loading was applied through a shaker and the deflection was captured by a 
high speed camera. The detailed test procedure as well as video processing was described in the 
chapter. Variable parameters considered in the test series include pulse duration, pulse amplitude, 
clearance, and contact location. Due to the noise level of the test cases with the contactor near 
the boundary, the study of changing contact location cannot be realized in this paper.  
Comparison of the test results were categorized based on the slenderness ratio of the 
specimens. For the thick beam with a slenderness ratio of 0.0279, decreasing the pulse duration 
will lower the amplitude in both states and shorten the time of beam in the free state; the time in 
the contact state is not sensitive to the change of pulse duration. Similar trends have been 
detected for the thin specimen with a slenderness ratio of 0.0186. When increasing the pulse 
amplitude, the deflection and time in the free state enlarge as well for the thick specimen; 
however, the absolute minimum deflection and the time duration decreases in the contact state. 
While for the thin beam, linear increasing trend is detected the time in the contact state. Gap size 
causes a significant change in the experimental time histories. The case with no gap shows the 
smallest response for both specimens. When enlarging the gap size, increasing trends have been 
observed for the maximum deflection the duration in the free state for the two specimens as well. 
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No clear trend is revealed for the contact duration of the thick specimen, while an increasing 
tendency is observed for the thin specimen. 
Representative test cases were selected for validating the theoretical model. When 
comparing numerical simulation with experimental result for both specimens, satisfactory 
agreement for amplitude and duration can be reached even with raw input parameters of the 
cases without contactor. When there is a contactor, the model shows better prediction for the 
thick specimen with slenderness ratio of 0.0279 than the thin specimen with slenderness ratio of 
0.0186. Contact stiffness and pulse amplitude are two possible sources of error for the difference 
in comparison. 
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CHAPTER IV SIGNIFICANCE AND FUTURE WORK 
4.1 SUMMARY 
Prevention, or at least early notification, of impact-induced wear is essential for 
preventing economic loss and enhancing personnel safety. Thus, an efficient model which is 
discrete in time and continuous in space was undertaken; an Euler-Bernoulli beam with 
adjustable boundary conditions and variable impact is numerically studied under a pulse loading. 
Structural stiffness, material modulus, contact stiffness, contact location, damping ratio, pulse 
duration, clearance and boundary conditions are investigated. A reference system is used as the 
basis for parameter studies and solution convergence is examined for three boundary conditions. 
Overall numerical simulations show reasonable response for all the comparison of case studies. 
The contact location and clearance were found to be important factors due to their direct 
influence of the mode shapes. One example application is illustrated, and comparisons show that 
considering possible boundary contact but not changing E provides better response estimation. 
Experiments were carried out to verify the effects of influential parameters. Two beam 
specimens with difference slenderness were designed and examined under point contact/impact. 
A half-sine pulse excitation was applied through a mechanical shaker, and the deflection was 
captured by a high speed camera. Numerous test cases were conducted that varied pulse duration, 
pulse amplitude, clearance, and contact location. Decreasing the pulse duration lowers all 
deflection amplitudes, but the time in contact is insensitive. No gap causes the smallest beam 
response, and increasing clearance generates greater free deflection amplitude. 
Representative test cases were then selected for validating the theoretical model. When 
comparing numerical simulation with experimental result for both specimens, satisfactory 
agreement for amplitude and duration can be reached even with raw input parameters of the 
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cases without contactor. When there is a contactor, the model shows better prediction for the 
thick specimen with slenderness ratio of 0.0279 than the thin specimen with slenderness ratio of 
0.0186. Contact stiffness and pulse amplitude are two possible sources of error for the difference 
in comparison. 
The contribution of this study is the incorporation of unique pulse loading, changeable 
boundary conditions, adjustable contact/impact situations, comprehensive parameter studies, and 
high speed photography. 
4.2 SIGNIFICANCE 
This research is prerequisite to determining structural health and estimating wear-limited 
life of contact/impact machinery components. Incorporating several engineering fields, three 
major research steps are needed to fulfill this purpose. Firstly, the physics and effects of 
contact/impact phenomena must be thoroughly understood. Secondly, signal processing and 
optimization techniques need to be developed for real-time identification of significant 
parameters, such as impact force and wear rate. Thirdly, collected data from active monitoring is 
then applied to improving components’ maintenance and initial design.  
Along with the described knowledge base from literature, this work contributes to 
understanding fundamental impact phenomena (the first step). While the linear piecewise model 
is not the most innovative, it is computationally efficient and its results for pulse excitation have 
not previously been recorded. Based on the current results, more configurations need to be 
included. Possible considerations are multiple constraints, coupled motion, wave propagation, 
and fluid-induced loading. Even though the numerical model as compared to lab tests is 
satisfactory, it is still necessary to perform real-time signal analysis (the second step) due to 
imperfections in practical structures. Based upon the knowledge learned from the 
 80 
 
phenomenological studies, it will be possible to recognize significant parameters from ambient 
noise. Acquired data for system damage identification can also be utilized for optimizing similar 
components in the future (the third step). The ultimate goals are to realize active monitoring of 
structures through remotely collected data and to enhance both maintenance and design 
procedures.  
4.3 FUTURE WORK 
Items for future development have been divided into either short term or longer term 
objective. Short term goals of extending this research include refining applied load in the model, 
experimental improvement, and comparison with finite element software along with further 
study of dynamic amplification, slenderness effects, and smoother changing E. 
The pulse loading applied to the model was assumed to be evenly distributed along the 
beam. However, this might not be true since the force was actually assigned to the base of the 
specimen. Based upon the same energy input, the corresponding pulse may not able to capture 
the deflection at each time point but provides reasonable overall deformation. Stress and impulse 
output may also need to be included in the model in order for application to practical cases. 
The experimental contact condition is not a point but rather an area. This may be another 
source of error because point contact was assumed in the model. In future tests, improvement can 
be reached by refining the contactor to a point or an edge. Also, a routinely incremented gap size 
is suggested in order to obtain general trends. 
In the future, finite element software can be employed to analyze the test situation. 
Results can be used to further confirm the parameters in this experimental series.  
For practical utilization of this numerical model, amplification generalization needs to be 
determined. The dynamic amplification factor is a fairly important parameter for this model for 
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predicting the response amplitude of a beam impacting a contactor. This factor quantifies the 
level of uncertainty, which is similar to safety factor in structural design. In order to address 
transient abnormal loading, an amplification factor is applied to overestimate damaging effects 
and thus make a structure stronger than it needs to be for static design loads. Possible ways of 
realizing a general trend include extensive analysis of the test cases as well as more experiments 
with various material and contact conditions.  
The numerical model was found to be sensitive to the slenderness ratio of the specimen. 
Due to the limited number of specimens, no trend can be developed for this test series; therefore, 
multiple specimens with incrementally differing slenderness need to be tested and compared. 
Also, the simulated response is usually smaller than the experimental response, which may 
indicate imperfections in practical structures, such as boundary condition irregularity or internal 
material cracking. Care needs to be taken to ensure uniformity in specimen manufacturing.  
For the example application with changing E, the changing elastic modulus was 
discontinuously modeled with just three rectangular stepped decrements. This caused a sudden 
and potentially unrealistic jump in beam response. It is will be preferable to model the 
methodical changing E with a smooth variation in the gross modulus E. This program would 
have to be severely modified to allow nonlinear parameters to fulfill this goal. 
Long term goals for accomplishing the vision of this work reach into the fields of control 
systems, state space physics, and statistical optimization. Specific topics of interest include 
multiple contactors, coupled motion, contact area, surface friction, system optimization, and 
wave propagation as well as the flow-induced force. Some literature addressing those goals is 
also indicated. 
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Although complicating the modal analysis, an additional contactor will be more efficient 
for limiting structural response. Chalmers and Semercigil [48] employed the impact damping 
technique to study how to reduce a cantilever’s second mode motion. In their research, different 
locations and combinations for a single impact damper were studied experimentally. They 
concluded that at least two dampers are needed for controlling the motion of the second mode. 
Preliminary experiment results for a clamped-clamped beam with three constraints were 
provided by Wagg [49]. A numerical model was developed based upon both global and local 
modes, but no comparisons were performed for experimental and numerical results. In either 
case, the utility of multiple contactors for motion control is evident. 
Using state space physics, coupled equations of motion can be simultaneously analyzed. 
Additional vibration often occurs in the longitudinal direction for such applications of ultrasonic 
motors and machining (drilling, milling, grinding, etc.). Axial waves frequently appear as 
unusual results in laboratory experiments. Twiefel et al. [50] performed a simplified experiment 
but did not propose any numerical model, instead, the author planed to critique surveyed models. 
A test which allows two-dimensional motion of a machine tube was performed by Vento et al. 
[51]. In the test, a stainless steel tube was mounted vertically with the free end on the top; a 
circular clearance support was placed at the middle of the tube. An electromagnetic shaker was 
employed to apply excitation near the end of the specimen, and transducers were utilized to 
measure the impact force at the contact point.  
Taking wear rate of the contactor into consideration, a computational algorithm was 
proposed by Johansson [52] for the motion of a beam with unilateral constraints. In this work, 
the dynamic properties of the system are allowed to change gradually as the contact sites wear. 
The number of constraints as well as the location of contacts can also be varied in the numerical 
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model. Future work needs to include wear rate in order to estimate the lifetime of the practical 
parts, as done by Jakob et al. [53, 54, 55]. Although both harmonic and stochastic forces were 
covered in their numerical model, only fixed-free boundary conditions were considered. 
Contactor wear is caused by surface to surface friction, as recognized by Knudsen et al. 
[56]. In this work, a loosely-supported rod under harmonic and random forces was studied and 
the friction coefficient and spring stiffness were tuned to match experimental response. Wear 
work rate and impact forces were first examined under sinusoidal forcing, and then the resultant 
parameters were applied to a random loading case. The authors found that their prediction under 
random force is poorer than sinusoidal force, which implies that this study would be unique for 
transient pulses. 
A method for optimizing the parameters used in contact/impact force models was 
developed by Lankarani and Wu [57]. The maximum amplitude of contact force was minimized 
and this optimization method was verified by applying it to different contact force models. The 
authors also proposed a new model for capturing impact of high energy absorption materials. 
Three approaches for estimating clearance and impact force were proposed by Lin and Bapat; 
numerically estimated values compared well with measured values [58]. In order to control 
frequency components and allow a system move independently of gap size, a servo system was 
designed by Numatsu et al. [59]. An AC motor was used to apply the excitation in their 
experiments. A laser sensor and Eddy-current sensor were employed to capture the deflection at 
the end and the contact point of the cantilever specimen, respectively. The author concluded that 
the proposed control mechanism was well confirmed by the experimental results. Through 
Lagrange's Principle, the dynamic response of a beam with flexible supports and under 
transverse impact loading was obtained by Chen and Guo [60]. The displacement and internal 
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force were compared with that of a simply supported beam case. Flexible supports can highly 
improve the resistance of beams under impact.   
A comprehensive study of the wave propagation in both the structure and the contactor 
will illuminate to sensing requirement. References [61] and [62] develop a technique for 
identifying wave path parameters and impact force by using a signal measured at remote location. 
Processed results have been compared with experimental data, and Antunes et al. conclude that 
satisfactory agreement was reached. After that, they author proposed a new signal-processing 
method through which the aforementioned technique can be applied to the complicated flow-
induced motion of loosely supported tubes. The identified impact forces were compared to direct 
measurements with acceptable results. Delaune [63] highlighted a regularization procedure to 
lower the influence of noise pollution in contact/impact problem for loosely supported tubes. 
Random perturbations of the modal parameters were studied as well. The author concluded that 
the regularization procedure can provide reasonable results for this mechanical system. 
As a first introduction of fluid pressure, a detailed overview was performed by Axisa [64] 
for numerically consideration of flow-induced vibration. An analysis of heat exchanger tubes 
under cross-flow was also carried out by Axisa et al. [65]. Experiments were carried out by 
Haslinger et al. [66] to verify the finite element result of tube/support response under tube 
excitation and flow turbulence. Paidoussis et al. [67] [68] developed a theoretical model and 
refined it for a cantilever-typed pipe conveying fluid and limited by constraints. Experiments 
were performed on a vertical cantilevered elastomer pipe with water flowing downward and two 
polycarbonate bars as motion constraints. The motion of the system was captured through a non-
contacting optical tracking system. The authors concluded that better agreement was reached by 
the tuned model. The true importance of fluid flow in clearance is vast as lubrication is common. 
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Although some of these factors have already considered in literature, no studies exist 
concerning all of them. The simple model as presented herein is a building block on which 
coupled phenomenon can be examined. Specifically, considering of both statistical abnormal 
loading with flow-induced loading is of great importance for practical design. For true life 
determination of machinery, it is desperately necessary to continue this research. 
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Logarithmic Decrement Method 
 
 
Figure A-1 Example of applying Logarithmic Decrement Method 
 
For the optically captured time history of the above figure, the damping ratio was calculated 
using logarithmic decrement method. 
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